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a b s t r a c t 

The van der Waals (vdW) superlattice, obtained by applying the concept of the periodic superlattice to 

two-dimensional materials using low-energy vdW physical assembly, is undoubtedly an instrumental av- 

enue for the modulation of material properties. In the field of nanoscale thermal transport, the influence 

of the periodic structure of superlattice on the wave-particle phonon transport regime arouses substantial 

interests from the standpoint of basic physics and applied science. In the Graphene/h-BN vdW superlat- 

tice, we have found the wave-particle crossover of phonon transport, which is reflected in the transi- 

tion from incoherent to coherent regime as the interface density increases. The analysis reveals that the 

increased thermal conductivity owing to coherent transport effects will amply compensate for the pro- 

gressively increasing interface phonon scattering throughout this process. In addition, due to the stronger 

effects of the above two aspects, the superlattices with higher interface density are more sensitive to 

changes in temperature and interface coupling strength, which are manifested in the rate of change in 

thermal conductivity caused by their alteration, respectively. These results establish an in-depth under- 

standing of coherent phonon transport while exploring the possibility of phonon wave-particle crossover 

in vdW superlattices, providing guidance for related thermal management based on phonon engineering. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Since the second half of the 20th century, the novel proper- 

ies brought about by emerging materials and structures have been 

 major theme driving the development of new technology rev- 

lutions, constantly refreshing our perceptions. Superlattices, pe- 

iodic layered structures made up of two or more materials at 

he nanoscale, have undoubtedly become a quintessential exam- 

le of performance modulation by structural design [1] . By virtue 

f their unique arrangement with a nanoscale period, the superlat- 

ice greatly enriches the possibilities of modulation and design of 

ts physical properties, introducing a new paradigm for innovation 

n numerous fields of engineered artificial materials [2,3] . 

As an indispensable form of energy transfer in solid mate- 

ials, phonon thermal transport, has become a pivotal issue in 

he miniaturization of electronic devices and the development 

f efficient thermoelectric-based energy conversion. Due to the 

resence of periodic interfaces in the superlattice, the propaga- 

ion of phonons across the interfaces will behave differently as 

article-like or wave-like properties, which exploits a reliable new 
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oute for the modulation of thermal conductivity. The presence of 

oherent phonons during thermal transport in superlattices has 

een predicted theoretically more than two decades ago, which 

lso opened up the possibility of novel properties such as min- 

mum thermal conductivity in superlattices by tuning the rele- 

ant periodic properties [4–11] . Driven by this, in addition to the 

rst experimental observation of coherent phonon thermal trans- 

ort in a GaAs/AlAs superlattice in 2012 [12] , a number of ther- 

ophysical phenomena resulting from coherent phonon trans- 

ort have been discovered in experimental studies of superlat- 

ice nanowires [13] , metal/semiconductor superlattices [14,15] and 

ther structures [16–19] . Notably, as a powerful tool for explor- 

ng the physical properties of materials and structures, molecu- 

ar dynamics (MD) simulations have also extensively investigated 

oherent phonon thermal transport in Si/Ge nanowires [20] and 

ome two-dimensional (2D) in-plane superlattices [21–25] such as 

raphene/hexagonal boron nitride (Gr/h-BN) superlattice ribbons. 

rom theoretical predictions, to experimental validation, to sim- 

lation exploration, all of these demonstrate the vast promise of 

honon engineering in superlattices through the design of phonon 

oherence to achieve thermal properties modulation. 

It is no exaggeration to say that the emergence of 2D ma- 

erials has ushered in a new era in materials science, not only 

https://doi.org/10.1016/j.ijheatmasstransfer.2021.122390
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2021.122390&domain=pdf
mailto:emqhan@scut.edu.cn
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n terms of their exceptional physical and chemical properties, 

ut also in terms of the unparalleled creativity of the abun- 

ant materials platform that has been built on their framework 

26,27] . Two-dimensional van der Waals (vdW) heterostructures 

an be obtained by physically assembling 2D materials by means 

f material-integration along their out-of-plane directions through 

ow-energy vdW interactions, which can be further designed peri- 

dically to form vdW superlattices that have had significant break- 

hroughs in recent experimental studies [28] . However, so far, the 

odel systems for studies related to phonon thermal transport in 

dW superlattices have basically been chosen around conventional 

emiconductor materials such as Si/Ge or GaAs/AlAs, and there are 

learly many gaps to be filled in research related to superlattices 

omposed of graphene (Gr) and hexagonal boron nitride (h-BN) in 

his field [29] , which are the representatives of 2D materials. 

In present work, the out-of-plane phonon thermal transport be- 

avior of the Gr/h-BN vdW superlattice is investigated and dis- 

ected through extensive large-scale MD simulations, specifically 

on-equilibrium molecular dynamics (NEMD), homogeneous non- 

quilibrium molecular dynamics (HNEMD) and spectral heat cur- 

ent decomposition (SHC) methods. To begin, the same superlat- 

ice is selected as a representative structure to perform the method 

alidation, which includes the sorting out of the simulation pro- 

ess under each specific method, the setting of the relevant pa- 

ameters and the necessary discussion about the size effects. Then, 

he effect of the interface density (or period thickness) on the 

ut-of-plane phonon thermal transport of superlattices is compre- 

ensively investigated through the complementary advantages of 

he three methods, which also involves a focused discussion of 

he phonon transport regime. In addition, a useful discussion of 

he effect of temperature and interface coupling strength on their 

ransport mechanisms has also been included. Importantly, mech- 

nism analysis that extends to the phonon level is also conducted 

hroughout the study to gain a deeper understanding of the phe- 

omena while even stimulating further modulation possibilities. 

. Models and methods 

.1. Models for the Gr/h-BN vdW superlattices 

Two factors should be considered in the building of Gr/h-BN 

dW superlattices, namely the construction of vdW stacking struc- 

ures and the periodic organization of the forming superlattice 

ased on them. The construction of the three 2D vdW stacking 

tructures Gr/Gr, h-BN/h-BN, and Gr/h-BN, which are localized in 

he superlattice, is the first item to consider. As illustrated in 

ig. 1 (a-b) for the cell unit, the lattice constants of Gr and h- 

N with a comparable hexagonal honeycomb lattice configuration 

re αGr = 2 . 46 ̊Aand αh −BN = 2 . 51 ̊A, respectively. With such a minor

ifference in lattice constants, it is worth taking the average of the 

wo, αSL = 2 . 485 ̊A, as its uniform correction to reduce the com-

lexity of the simulation. As a result, the initial structures of both 

ill have a very modest lattice mismatch of roughly 1%, which, 

owever, has an almost negligible effect on the thermal properties 

f the structures. After completing the construction of the mono- 

ayer Gr and h-BN, they can be stacked vertically along the out-of- 

lane direction at a spacing of 3.5 ̊Ato form the initial construction 

f the Gr/h-BN vdW stacking structure as shown in Fig. 1 (c), which 

nalogously leads to the Gr/Gr and h-BN/h-BN vdW structures. It 

hould be noted that in this study only AA-type stacking with one- 

y-one overlapping coverage of the corresponding atoms along the 

ut-of-plane direction is considered, due to the fact that different 

tacking configurations have been shown in our previous study to 

ave no significant effect on phonon thermal transport across the 

r/h-BN vdW interface [30] . Furthermore, the lattice constants of 

he structure, as well as the interlayer distances, will be fine-tuned 
2 
uitably based on the specific potential function throughout the 

hermal equilibrium process of the initial structure. 

Further, Gr/h-BN vdW superlattices with different period thick- 

esses or interface densities can be obtained by arranging Gr and 

-BN in different periodic patterns, using the three vdW stacking 

tructures as the foundation units. Fig. 1 (d) depicts a basic super- 

attice schematic structure in a structural schematic with a locally 

nlarged atomic-level perspective view to aid understanding of su- 

erlattice structural features, which ensures that complex super- 

attices can be represented visually and unambiguously by concise 

tructural schematics later. Herein, the number of layers of a cer- 

ain component (Gr or h-BN) within a single-period is taken as a 

ecisive structural parameter for the superlattice and is denoted as 

 p . In a superlattice, the period thickness can be calculated by N p 

nd the interlayer distance, which also yields the interface density 

sed to indicate the number of Gr/h-BN vdW hetero-interfaces per 

nit length. Both intuitively and explicitly reflect the periodic na- 

ure of the superlattice from two distinct focuses on the character- 

stics of the single-period superlattice components and the hetero- 

nterfaces, respectively. Fig. 1 (e) shows the structural schematics 

f five Gr/h-BN vdW superlattices with a total of 24 layers, which 

ill be used in subsequent studies related to the phonon thermal 

ransport in the vdW superlattices, along with their associated su- 

erlattice structural parameters listed in Table 1 . 

.2. MD methods for the phonon thermal transport evaluation 

.2.1. The NEMD method 

Phonon transport, the major heat carrier in non-metallic solids, 

an usually be described by Fourier’s law of heat conduction, 

hich is also the theoretical basis for the commonly used ex- 

erimental methods of measuring thermal conductivity. It starts 

rom the definition of thermal conductivity and performs the rel- 

vant statistics and calculations to obtain the thermal conductiv- 

ty of the material by establishing a non-equilibrium steady state 

n the system, hence the term non-equilibrium molecular dynam- 

cs (NEMD) method. The Langevin thermostat, in particular, sets 

he local temperature, which includes heat source T h = T 0 (1 + �) 

nd heat sink T c = T 0 (1 − �) , as expressed by the average temper-

ture T 0 and the normalized temperature difference �, to establish 

 non-equilibrium steady state with a constant temperature gra- 

ient in the system, in which the heat flux Q generated can be 

efined as: 

 = 

| d E/d t | 
A 

(1) 

here | d E/d t | represents the energy exchange rate between the 

eat source and the heat sink in the non-equilibrium steady state. 

ue to the conservation of the total energy of the system, the re- 

pective energy change rates of the heat source output and heat 

ink input are nearly identical during the non-equilibrium steady 

tate. A denotes the area of the system in the direction perpendic- 

lar to the heat flux. Following that, all the effective heat transfer 

nits in the system are defined as separate plates, with the tem- 

erature of each plate computed using the energy equalization the- 

rem: 

 slab = 

1 

3 N k B 

N ∑ 

i =1 

m i v 2 i (2) 

here N is the total number of atoms in the current plate, k B is 

he Boltzmann constant, m i and v i are the mass and velocity of 

tom i respectively. The above-mentioned local independent tem- 

erature statistics make it possible to visually determine if the sys- 

em has reached a non-equilibrium steady state and whether the 

emperature gradient is essentially constant. Further, the thermal 
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Fig. 1. The unit cell of (a) Gr and (b) h-BN. (c) Top and perspective views of the 2 × 2 Gr/h-BN vdW superlattice. (d) Schematic and atomic-level zoomed-in perspective 

view of the Gr/h-BN vdW superlattice structure with a total of 10 layers and N p = 1 , where all layers are spaced with 3.5 ̊A. (e) Schematic diagram of five Gr/h-BN vdW 

superlattices with a total number of 24 layers. From SL 1 to SL 5 , N p is 12, 6, 3, 2, and 1, which correspond to the different period thicknesses and interface densities of 

these five superlattices, respectively. The part indicated by the bi-directional arrow is the single-period schematic of the corresponding superlattice. Notably here, in order to 

facilitate the observation of the periodic nature of the superlattice, the superlattice structural schematic focuses on the periodic arrangement of the components and omits 

the representation of interlayer spacing, and that the ratio of the in-plane and out-of-plane sizes, which along the x and z directions, does not represent the actual ratio. 

Table 1 

The relevant structural parameters of the five Gr/h-BN vdW superlattices with a total num- 

ber of 24 layers, as shown in the schematic structure in Fig. 1 (e). 

N p Number of periods Period thickness ( nm ) Interface density ( nm 

−1 ) 

SL 1 12 1 8.4 0.238 

SL 2 6 2 4.2 0.476 

SL 3 3 4 2.1 0.952 

SL 4 2 6 1.4 1.429 

SL 5 1 12 0.7 2.857 
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onductivity of the system along the direction of the heat flux can 

e obtained from the following equation: 

= 

Q 

| ∇T | = 

Q 

( T h − T c ) /L 
= 

QL 

2 T 0 �
(3) 

Next, some relevant technical details during the NEMD simula- 

ion for this study will be further elucidated, which will affect the 

ccuracy and efficiency of the thermal conductivity evaluation. To 

egin, the system can apply the modelling setup with non-periodic 

r periodic boundary conditions along the thermal transport di- 

ection, where the former using fixed boundary conditions for the 

oundary atoms at both ends, and the latter using the common 

iller-Plathe method [31] . Since there is no requirement for pe- 

iodic boundary conditions in this study, as is necessary to deal 

ith long-range electrostatic interactions, the non-periodic bound- 

ry condition will be applied to ensure the correctness of the re- 
3 
ults while avoiding the additional computational costs associated 

ith periodic boundary conditions. In addition, the choice of ther- 

ostat used to set the local temperature may have a significant 

mpact on MD simulations of nanoscale thermal transport. Com- 

ared to the global Nos-Hoover chain thermostat, the Langevin 

hermostat with its local and stochastic nature allows for more re- 

iable and precise control of local temperatures [32,33] . Finally, un- 

ike most earlier work, the temperature gradient is computed di- 

ectly from the temperature difference between the heat source 

nd the heat sink in Eq. (3) , rather than the slope of the so-

alled linear region of the temperature distribution. A key issue 

orth noting here is that the nonlinear portion near the thermo- 

tat, whose physical origin is connected to the transport in a finite- 

ize system [33] , is wrongly ignored since this approach assumes 

he diffusive transport. 
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.2.2. The HNEMD method 

In recent years, the homogeneous non-equilibrium molecular 

ynamics (HNEMD) method based on non-canonical linear re- 

ponse theory has been continuously developed and expanded 

34,35] to become an efficient method for the evaluation of the 

hermal conductivity by defining the thermal transport process as 

 mechanical analog to calculate the transport coefficient. Specifi- 

ally, it initially mimics the effect of thermal gradients by applying 

 directed fictitious force field 

�
 F e 

i 
to the system to generate the ho- 

ogeneous heat current, where the kinetic terms that contribute 

ittle to the thermal conductivity of the solid are neglected: 

 

 

e 
i = 

∑ 

j � = i 

(
∂ U j 

∂ � r ji 
� �

 r i j 

)
· �

 F e (4) 

here U j is the potential of atom j, �
 r i j and 

�
 r ji are the position vec- 

ors between atoms i and j, and 

�
 F e is the key vector parameter that 

ontrols the direction and magnitude of the external driving force. 

he total force on atom i , �
 F tot 

i 
thus consists of both the interatomic 

orces � F i 
i 

inherent in the system and the external driving forces �
 F e 

i 
escribed above: 

 

 

tot 
i = 

�
 F i i + 

�
 F e i = 

∑ 

j � = i 

[
∂ U i 

∂ � r i j 

− ∂ U j 

∂ � r ji 
+ 

(
∂ U j 

∂ � r ji 
� �

 r i j 

)
· �

 F e 

]
(5) 

Further, under a general multi-body potential system, the heat 

ux �
 Q is typically described as: 

 

Q = 

∑ 

i, j � = i 
�
 r i j 

(
∂ U j 

∂ � r ji 
· � v i 

)
(6) 

After applying the external driving force, the above heat flux 

perator is averaged over the non-equilibrium system at time t , 

hich can be substituted by time averaging in MD, and can be ex- 

ressed as: 

 −→ 

Q (t) 
〉 

ne 
= 

(
1 

k B T 

∫ t 

0 

〈 −→ 

Q (t ′ ) �
−→ 

Q (0) 
〉 
dt ′ 

)
· −→ 

F e (7) 

here k B and T are the Boltzmann constant and the system tem- 

erature, respectively, and the Green-Kubo relationship [36,37] can 

e combined to obtain the following running thermal conductivity 

esults: 

(t) = 

1 

k B T 2 V 

∫ t 

0 

〈 −→ 

Q (t ′ ) 
−→ 

Q (0) 
〉 
dt ′ = 

〈 −→ 

Q (t) 
〉 

ne 

T V F e 
(8) 

here F e denotes the modulus of the vector �
 F e , whose dimension 

s the inverse length. To observe the convergence of the running 

hermal conductivity results better, Eq. (8) can be further rewritten 

y adopting the following process of cumulative averaging: 

( t ) = 

1 

t 

∫ t 

0 

〈 −→ 

Q ( τ ) 

〉 
ne 

T V F e 
dτ (9) 

It should be noted that a critical issue in this method is the 

etting of the driving force parameter F e , which is the basis for 

chieving a fully linear response with a sufficiently large signal-to- 

oise ratio to obtain satisfying results. The related study pointed 

ut the following rule of thumb [35] : the linear response is fully 

uaranteed if the conditions F e λ ≤ 1 / 10 or F e λmax ≤ 1 can be sat-

sfied, where λ and λmax are the characteristic phonon mean free 

ath (MFP) and the maximum phonon MFP in the system, respec- 

ively. Once the approximate upper limit has been determined, the 

alue of F e will be gradually reduced to ensure that the result has 

n appropriate signal-to-noise ratio while achieving a fully linear 

esponse. The above process is an optimization of the value of F e 
ased on actual problems, which is shown in detail in the Sec. 3.1.2 .
4 
.2.3. The SHC method 

In the field of phonon thermal transport, understanding how 

pecific physical quantities relate to the phonon frequency is of 

reat significance for mechanism analysis and even for perfor- 

ance modulation. The spectral heat current (SHC) decomposition 

ethod, which performs spectral decomposition of the heat cur- 

ent in non-equilibrium MD simulations via dynamic correlation 

unctions, has been successfully applied to two non-equilibrium 

D frameworks, NEMD and HNEMD, respectively [35,38,39] . The 

ornerstone of the method lies in the construction of the following 

irial-velocity correlation function in the non-equilibrium steady 

tate: 

�
 

 ( t ) = 

∑ 

i 

∑ 

j � = i 

〈[
�
 W j ( 0 ) · � v i ( t ) 

]〉
ne 

(10) 

here the virial force of atom j is �
 W j = 

�
 v i j 

∂U j 
∂ � r ji 

and 

�
 v i (t) is the ve-

ocity of atom i at moment t . Further performing the Fourier trans- 

orm and its inverse transform on it: 

˜ �
 

 ( ω ) = 

∫ + ∞ 

−∞ 

e iωt �
 K ( t ) dt , �

 K ( t ) = 

∫ + ∞ 

−∞ 

e −iωt �
 K ( ω ) 

dω 

2 π
(11) 

In particular, when t = 0 , �
 K (0) is equivalent to �

 Q in Eq. (6) ,

hich, when combined with Eq. (11) , gives: 

 

Q ≡ �
 K ( 0 ) = 

∫ + ∞ 

−∞ 

˜ �
 K ( ω ) 

dω 

2 π

= 

∫ + ∞ 

0 

[ 
2 ̃

 �
 K ( ω ) 

] 
dω 

2 π

= 

∫ + ∞ 

0 

q ( ω ) 
dω 

2 π
(12) 

The spectral decomposition of the heat current is thus obtained 

n the form of: 

 ( ω ) = 2 ̃

 �
 K ( ω ) (13) 

Applying the above decomposition to Eq. (3) and Eq. (8) based 

n the NEMD method and the HNEMD method respectively, the 

ollowing spectral thermal conductance G (ω) and spectral thermal 

onductivity κ(ω) are obtained: 

 ( ω ) = 

q ( ω ) 

V · ( T h − T c ) 
, κ( ω ) = 

q ( ω ) 

T V F e 
(14) 

.2.4. Details of the MD simulations 

All of the MD simulations in this study were implemented 

ia the Graphics Processing Unit Molecular Dynamics (GPUMD) 

ode [35,40–42] , whose extremely high computational efficiency 

rovides strong support for extensive large-scale MD simulations. 

ore importantly, it provides generic force algorithms to imple- 

ent accurate heat flux formulations applicable to multibody po- 

ential systems, avoiding the fatal errors associated with the com- 

only used Large-scale Atomic/Molecular Massively Parallel Simu- 

ator (LAMMPS) for thermal transport related calculations [41,43] . 

urthermore, for the Gr/h-BN vdW superlattice structure in this 

tudy, the interatomic covalent interactions within the layers are 

escribed by the parametrically optimized Tersoff multibody po- 

ential [44] and the interlayer weak vdW interactions are described 

y the following 12-6 Lennard-Jones (L-J) potential: 

 ( r i j ) = 4 χε 

[ (
σ

r i j 

)12 

−
(

σ

r i j 

)6 
] 

(15) 

here χ denotes the interface coupling strength. ε and σ are the 

nergy and distance constants depending on the type of atom pair 

ombination for which vdW interactions exist, respectively, and 

he parameters used for the two-two pair interactions of the three 
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toms B, C, and N used in this study take the values shown in Ta-

le S1 [45] . 

To ensure optimal system stability and energy convergence, a 

ime step of 1 f s was used for all simulations in this study. Also, 

n order to minimize the effect of boundary scattering on phonon 

ransport, periodic boundary conditions are used in both directions 

ithin the superlattice plane. And for all simulations the follow- 

ng thermal equilibrium process was taken under the Berendsen 

hermostat-based NPT ensemble: the system was first equilibrated 

t 10K and zero pressure for 1 ns (one million time steps), then the 

ystem was heated to the target temperature during the next 1 ns , 

nd finally the NPT equilibrium was maintained at that tempera- 

ure for another 1 ns . Next, depending on the specific MD method, 

he thermostats were switched, the system ensemble was changed, 

nd the respective calculation and output processes were carried 

ut, which will be described later in the corresponding section in 

elation to the specific model as necessary. 

. Results and discussion 

.1. Thermal conductivity across the Gr/h-BN vdW superlattice SL 5 

In this section, we will take Gr/h-BN vdW superlattice SL 5 as a 

epresentative and evaluate its out-of-plane phonon thermal trans- 

ort properties by the NEMD, HNEMD, and SHC methods, respec- 

ively. Through collaborative analysis, the goal is to crosscheck the 

esults under the three methods while using their strengths to get 

ome important insights into the phonon thermal transport across 

he Gr/h-BN vdW superlattice. 

.1.1. Results from NEMD 

Attention needs to be paid in the NEMD method to the config- 

ration of the structure with additional functional layers on both 

ides of the effective heat transfer area, that is, the fixed layers and 

he heat bath layers. Specifically, the outermost end is a monolayer 

f Gr or h-BN as the fixed layer, and inwards there are two lay-

rs of heat source layer with Gr and heat sink layer with h-BN, as 

hown in the inset in Fig. 2 (a). After the thermal equilibrium pro- 

ess, the system is switched to the Langevin thermostat-controlled 

VT ensemble and continues to equilibrate at a target temperature 

f T 0 = 300K for 1 ns . Next, T h = 330K and T c = 270K are applied to

he heat source and heat sink regions via a local Langevin thermo- 

tat to achieve the non-equilibrium steady state with a constant 

emperature gradient. This process will last up to 10 ns , with the 

ata required for the relevant calculations being extracted from the 

atter 5 ns of the non-equilibrium steady state. 

Firstly, a Gr/h-BN vdW superlattice with 20 effective heat trans- 

er layers was used as the research object to calculate its out-of- 

lane thermal conductivity. As can be seen from the typical tem- 

erature profiles in the non-equilibrium steady state of Fig. 2 (a), 

eat is constantly input from the heat source and output from the 

eat sink after flowing along the superlattice through the effective 

eat transfer area. Due to the high interface density in the super- 

attice SL 5 , the temperature of the plate shows a relatively stable 

onotonic trend overall and does not show a significant discon- 

inuous temperature distribution caused by the Kapitza thermal re- 

istance at the Gr/h-BN vdW hetero-interface. Furthermore, energy 

onservation is a key indicator to ensure the stability of the sim- 

lation system, which means that the input of energy at the heat 

ource should be approximately equal to the output at the heat 

ink at the same time, as is well demonstrated in Fig. 2 (b). 

In nanoscale phonon thermal transport, the uncertainty in 

honon transport regimes (both ballistic and diffusive) brought 

bout by the uncertain relation between the phonon MFP and the 

eature sizes of the system makes the discussion of the size ef- 

ect along the out-of-plane direction indispensable for the adoption 
5 
f non-periodic boundary conditions. Specifically, when the system 

eature size is less than the phonon MFP in an infinite system, the 

resence of the Casimir limit causes the thermal conductivity to 

e underestimated. For non-equilibrium MD methods, extrapola- 

ion of thermal conductivity from finite to infinite system sizes is 

enerally achieved by the following equation [46] : 

1 

κ(L ) 
= 

1 

κ0 

(
1 + 

λ

L 

)

= 

λ

κ0 

× 1 

L 
+ 

1 

κ0 

(16) 

It can be deduced from Matthiessen’s rule on the left and the 

elation on the right as follows: 

1 

λ( L ) 
= 

1 

λ
+ 

1 

L 
, 

κ0 

κ( L ) 
= 

λ

λ( L ) 
(17) 

here κ(L ) denotes the thermal conductivity of a finite system 

f feature size L with an effective phonon MFP of λ(L ) and λ is 

he phonon MFP of a system of infinite size. κ0 is the conductiv- 

ty in the diffusive limit, which represents the thermal conductiv- 

ty of a system with infinite feature size ( L 
 λ) . A slight varia-

ion of the right half of the first line in Eq. (16) reveals a linear

elationship between κ−1 (L ) and L −1 , and its inverse intercept is 

xactly the extrapolation result of the thermal conductivity κ0 . To 

his end, the out-of-plane thermal conductivity was calculated by 

he NEMD method for five Gr/h-BN vdW superlattices with effec- 

ive heat transfer layer numbers N total of 10, 20, 30, 40, and 50, 

espectively, and two independent simulations were executed for 

ach set of samples, as shown in Fig. 2 (c). Further in Fig. 2 (d), the

otal number of layers N total is converted to the feature size L of the 

ystem by the interlayer distance and then an extrapolation of the 

t as in Eq. (16) is performed to obtain κ0 ≈ 4 . 56 W m 

−1 K 

−1 with a

tness of 0.99. It is worth noting that all of the above superlattices 

ave a cross-sectional size of 5 nm × 5 nm and do not have to con-

ider the in-plane size effect. In addition to the periodic boundary 

onditions applied in the in-plane direction which already mini- 

ize the effect of phonon scattering at the boundary, the phonon 

hermal transport along the out-of-plane direction is not signifi- 

antly affected by the in-plane size during the NEMD simulation, 

s demonstrated in our previous study of similar structures [30] . 

.1.2. Results from HNEMD 

As the name implies, the HNEMD method is both homogeneous 

nd non-equilibrium: the intervention of external drivers makes 

t non-equilibrium, while the fact that there is no real tempera- 

ure gradient similar to that of the NEMD method makes it ho- 

ogeneous. Since there is no need to add additional functional 

ayers similar to those in the NEMD method, the target size su- 

erlattices are directly used as the computational structure in the 

NEMD method and periodic boundary conditions are applied in 

ll three directions. After the thermal equilibrium process, the sys- 

em is switched to the Nos–Hoover thermostat-controlled NVT en- 

emble at a target temperature of 300K for an output stage of up 

o 10 ns , of which the results with good convergence in the last 5 ns

re used for post-processing calculations. 

Firstly, in order to obtain a driving force parameter F e that 

ould allow the system to achieve a fully linear response with an 

ppropriate signal-to-noise ratio, a Gr/h-BN vdW superlattice with 

n in-plane size of 5 nm × 5 nm and a total of 20 layers was used

s the base structure to perform a single simulation for six dif- 

erent values of F e between 50 μm 

−1 and 0 . 2 μm 

−1 . The results in

ig. 3 (a) show that the parameter values of F e = 5 μm 

−1 can meet

he aforesaid requirements well, and the running thermal conduc- 

ivity results produced have good convergence. However, in the 

ase of F e > 5 μm 

−1 , the system cannot produce a fully linear re- 

ponse; in the case of F e < 5 μm 

−1 , the signal-to-noise ratio of the 
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Fig. 2. (a) Typical temperature profiles of the Gr/h-BN vdW superlattice with 20 effective heat transfer layers and an in-plane size of 5 nm × 5 nm for a temperature config- 

uration of T 0 = 300K, � = 0 . 1 , where each MD data point represents the average temperature of the corresponding structural layer directly below it in the non-equilibrium 

steady state. (b) Cumulative energy values of the heat source and heat sink as a function of simulation time. Note that the two curves are almost symmetrical about the 

horizontal reference line E = 0 due to the conservation of energy in the non-equilibrium steady state. (c) The variety of thermal conductivity across the Gr/h-BN vdW super- 

lattice with the number of effective heat transfer layers, N total , under the NEMD method. (d) The thermal conductivity across the Gr/h-BN vdW superlattice as a function of 

the effective heat transfer area length L . The hollow circles are obtained from the MD simulations and the dashed lines are the results of fitting to them. The inset represents 

the inverse thermal conductivity ( 1 /κ) as a function of the inverse length ( 1 /L ) and the two satisfy a linear relationship with a fit of up to 0.99. It should be noted that each 

set of MD results contains two independent simulations with error bars that are difficult to read due to their extremely small size. 
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esults is too low to obtain accurate thermal conductivity results. 

ig. 3 (a) depicts the cumulative average results of the running ther- 

al conductivity, which is an essential procedure in the data post- 

rocessing. To this end, Fig. 3 (b) depicts the thermal conductivity 

esults before and after post-processing versus simulation time for 

 e = 5 μm 

−1 . After the cumulative averaging of Eq. (9) , the running

hermal conductivity results obtained from Eq. (8) with large fluc- 

uations become convergent and easily available. Here, the result- 

ng average values of the running thermal conductivity converge 

uickly because the heat flux measured by HNEMD has a constant 

ignal-to-noise ratio that does not decay. It enables the method to 

equire only a limited number of independent simulations and to 

btain multiple thermal conductivity results by chunking the data 

ver a long simulation time, with the average being the final ther- 

al conductivity result. After finalizing the values of the driving 

orce parameter F e and the data post-processing, two independent 

imulations are performed as shown in Fig. 3 (c) to obtain the final 

hermal conductivity result of κ = 4 . 51 ± 0 . 05 W m 

−1 K 

−1 . 

Furthermore, the effect of system size on the out-of-plane 

honon thermal transport of Gr/h-BN vdW superlattices in the 

NEMD method will be studied, which includes both in-plane 

nd out-of-plane aspects. Firstly, the total number of layers of 

he Gr/h-BN vdW superlattice was kept at 20, and the out- 
6 
f-plane thermal conductivity was calculated for six different 

tructures with in-plane sizes of approximately 1 . 25 nm × 1 . 25 nm ,

 . 5 nm × 2 . 5 nm , 3 . 75 nm × 3 . 75 nm , 5 nm × 5 nm , 7 . 5 nm × 7 . 5 nm , and

 . 75 nm × 8 . 75 nm , which correspond to a total number of atoms

f 120 0, 480 0, 1080 0, 1920 0, 30 0 0 0, and 48,0 0 0 respectively. The

nderestimating of phonon scattering owing to phonon flexural 

odes is one explanation for the overestimation of thermal con- 

uctivity when the in-plane sizes are small, as seen in Fig. 4 (a). As 

he in-plane size increases, the thermal conductivity calculated in 

arger systems gradually decreases, converges, and achieves the de- 

ired statistical precision, which is another feature of the HNEMD 

ethod [47] . Then, the out-of-plane thermal conductivity was cal- 

ulated to analyze the out-of-plane size effect for six Gr/h-BN vdW 

uperlattices with in-plane sizes of 5 nm × 5 nm and out-of-plane 

engths of 3 . 5 nm , 7 nm , 10 . 5 nm , 14 nm , 17 . 5 nm , and 21 nm , respec-

ively, with a total number of layers ranging from 10 to 60 the 

ntervals of 10. Fig. 4 (b) shows that, within reasonable error mar- 

ins, the out-of-plane thermal conductivity of the superlattice with 

eriodic boundary conditions is almost independent of the out- 

f-plane sizes. Therefore, under the HNEMD method, the Gr/h-BN 

dW superlattice with an in-plane size of 2 . 5 nm × 2 . 5 nm and a to-

al of 20 layers is a desired computational structure for both com- 

utational accuracy and cost. 
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Fig. 3. The process of calculating the out-of-plane thermal conductivity of a Gr/h-BN vdW superlattice with an in-plane size of 5 nm × 5 nm and a total number of 20 layers at 

300K based on the HNEMD method and post-processing of the results. (a) The variation of running thermal conductivity with simulation time when the values of the driving 

force parameter F e are 50 μm 

−1 , 20 μm 

−1 , 10 μm 

−1 , 5 μm 

−1 , 1 μm 

−1 , and 0 . 2 μm 

−1 , respectively. The inset zooms in on the curves for simulation time between 6ns 10ns to 

allow comparison of the convergence of the thermal conductivity results for different values of F e . (b) When F e = 5 μm 

−1 , the post-processing of the thermal conductivity 

calculation results. The thin solid line shows the running thermal conductivity results obtained directly from Eq. (8) , and the thick solid line shows the thermal conductivity 

results after the cumulative averaging process shown in Eq. (9) for the former, which greatly facilitates the observation of the convergence of the results. (c) Two independent 

simulations with different random initial velocities and their average results are presented, where the dotted line is the horizontal reference line for κ = 4 . 51 W m 

−1 K −1 . It 

should be noted that the smoothness of the running thermal conductivity data results in (c) appear to differ from those in (b) due to the fact that the vertical axis of the 

latter takes on a range of values 15 times larger than that of the former, which inevitably hides some of the details of the curve to some extent. 

Fig. 4. (a) The out-of-plane thermal conductivity of a Gr/h-BN vdW superlattice with a total number of 20 layers as a function of the total number of atoms in the system. 

The total number of atoms is directly proportional to the in-plane size, which may be stated by the length D of the in-plane edge of the square in the inset when the total 

number of layers in the superlattice is constant. (b) Out-of-plane thermal conductivity of Gr/h-BN vdW superlattices with in-plane size of 5 nm × 5 nm versus out-of-plane 

sizes (related to the total number of layers). The dashed lines in both plots indicate the horizontal reference line for κ = 4 . 51 W m 

−1 K −1 and the error bars are the standard 

deviations obtained by chunking the average results of two independent simulations. 

7 
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Fig. 5. Some calculation results of the out-of-plane thermal conductivity of Gr/h-BN vdW superlattices with an in-plane size of 5 nm × 5 nm and a total number of 20 layers 

at the (average) temperature of 300K, based on the SHC method. The (a) spectral thermal conductivity κ(ω) , (b) spectral ballistic thermal conductance G (ω) , and (c) phonon 

MFP λ(ω) as a function of phonon frequency. The inset on the left in (b) shows an enlarged schematic of the G (ω) for the low-frequency band from 1 . 5 T Hz to 4 . 5 T Hz

for comparing the classical results with the quantum-corrected results, and the inset on the right depicts the variation of the quantum correction factor α with phonon 

frequency ω at 300K. (d) Results of classical calculations of length-dependent thermal conductivity and their quantum corrections, where the dashed line indicates the 

horizontal reference line for κ = 4 . 42 W m 

−1 K −1 and the hollow circle corresponds to the calculation based on the NEMD method in Section 3.1.1 . 
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.1.3. Results from SHC 

The spectral thermal conductivity κ(ω) and the spectral ballis- 

ic thermal conductance g(ω) obtained by applying the heat flux 

hat has executed the spectral decomposition to the two non- 

quilibrium MD simulations of HNEMD and NEMD, respectively, 

an help us to further obtain frequency-dependent phonon trans- 

ort information, which is important for the analysis of the na- 

ure and mechanism of phonon thermal transport. The simulation 

rocedure is identical to the HNEMD and NEMD methods because 

his method is based on them, as explained in Section 3.1.1 and 

ection 3.1.2 . The complete vibrational modes of phonons cannot 

e fully stimulated at temperatures considerably below the De- 

ye temperature, therefore the quantum effect cannot be ignored 

n this situation. Specifically, the conventional Boltzmann statis- 

ics used by phonons in MD simulations, rather of the more suit- 

ble Bose-Einstein distribution, may result in an overestimation of 

igh-frequency phonon heat capacity and an underestimate of low- 

requency phonon scattering probability. To mitigate this effect, it 

s necessary to introduce the following quantum correction factor 

to account for possible quantum corrections [48] : 

= 

x 2 e x 

( e x − 1 ) 
2 
, x = 

h̄ ω 

k B T 
(18) 

Where h̄ and k B are the Planck constant and the Boltzmann 

onstant, respectively. T and ω are the current temperature and 
8 
honon frequency of the system, respectively. The inset on the 

ight-hand side in Fig. 5 (b) plots the relationship between the 

uantum correction factor α and the phonon frequency ω at 300K, 

hich exhibits a typical distribution with a uniform low-frequency 

imit and a zero high-frequency limit. The necessary quantum cor- 

ections are derived by multiplying κ(ω) and g(ω) with α at the 

espective frequencies, due to the spectral decomposition of the 

hermal conductivity and the ballistic thermal conductance. 

Herein, a Gr/h-BN vdW superlattice with in-plane size of 5 nm ×
 nm and a total number of 20 layers was selected as the ef- 

ective heat transfer object, and HNEMD- and NEMD-based SHC 

alculations were executed in the out-of-plane direction, respec- 

ively, and the quantum corrections shown in Eq. (18) were per- 

ormed on the results, which are shown in Fig. 5 (a-b). It is 

lear from the SHC results that the out-of-plane thermal trans- 

ort in the current structure is almost entirely dominated by low- 

requency phonons less than 10 T Hz, with a single peak at around 

 T Hz as the main characteristic. By integrating κ(ω) and g(ω) 

ithin the frequency domain, the following classical results for 

hermal conductivity and ballistic thermal conductance can be 

btained: κc ≈ 4 . 414 W m 

−1 K 

−1 and G c ≈ 69 . 675 MW m 

−2 K 

−1 , and

he following quantum corrections κq ≈ 4 . 325 W m 

−1 K 

−1 and G q ≈
8 . 0 6 6 MW m 

−2 K 

−1 . The rate of change in thermal conductivity and

allistic thermal conductance before and after quantum correction 

s only approximately 2.0% and 2.3%, respectively, which is even 
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egligible due to the uniform tend of α in the low-frequency do- 

ain. We also note that in infinite systems, the phonon MFP may 

e defined as the ratio of diffusive conductivity κ0 to ballistic con- 

uctance G 0 , and we extend this to the notion of frequency depen- 

ence: 

= 

κ0 

G 0 

, λ( ω ) ≡ κ0 ( ω ) 

G 0 ( ω ) 
= 

κ( ω ) 

g ( ω ) 
(19) 

As shown in Fig. 5 (c), the previously obtained findings for κ(ω) 

nd g(ω) may readily be derived to frequency-dependent phonon 

FP information. At 300K, the superlattice has λmax ≈ 200 nm in 

he out-of-plane direction, according to the results. Furthermore, 

he rule of thumb in Section 2.2.2 may be used to deduce the fun-

amental condition of F e ≤ 5 μm 

−1 for the driving force parameter 

n the HNEMD method, which is compatible with the parametric 

est findings in Fig. 3 (a). 

Next, the standard length-scaling formula of conductivity in 

q. (16) will be considered in terms of frequency dependence: 

1 

κ( ω, L ) 
= 

1 

κ( ω ) 

(
1 + 

λ( ω ) 

L 

)

= 

1 

κ( ω ) 

(
1 + 

κ( ω ) 

g ( ω ) L 

)
(20) 

Further, integration of κ(ω, L ) within the frequency domain 

ields the length-dependent thermal conductivity κ(L ) as shown 

n Fig. 5 (d): 

( L ) = 

∫ ∞ 

0 

κ( ω, L ) 
dω 

2 π
(21) 

The out-of-plane thermal conductivity converges almost com- 

letely to κ ≈ 4 . 42 W m 

−1 K 

−1 when the length of the system

eaches about 10 μm , and there is no significant difference be- 

ween the results before and after the quantum correction. In ad- 

ition, a comparison of the out-of-plane thermal conductivity de- 

ived by the NEMD method for the identical superlattices indicates 

hat while there are differences, they are still in good agreement 

ithin a tolerable margin of error. 

.1.4. Comments above three results 

Henceforth, we have used the NEMD, HNEMD, and SHC meth- 

ds to evaluate out-of-plane thermal conductivity of the Gr/h-BN 

dW superlattice and described the relevant technical details un- 

erpinning each of them. The thermal conductivity results under 

he three methods are κNEMD ≈ 4 . 56 W m 

−1 K 

−1 , κHNEMD = 4 . 51 ±
 . 05 W m 

−1 K 

−1 , and κSHC ≈ 4 . 414 W m 

−1 K 

−1 respectively, which

how good agreement. However, compared to the NEMD method, 

he HNEMD method is not constrained by the out-of-plane size 

f the system where periodic boundary conditions are taken, and 

oes not require the results of several structures with different 

ut-pf-plane sizes to be repeated, which will undoubtedly result 

n significant savings in computational costs. Furthermore, the SHC 

ethod has successfully constructed a bridge between the NEMD 

nd HNEMD methods and obtained frequency-dependent phonon 

FP information as well as the frequency dependence of thermal 

onductivity, which is critical for the exploration and analysis of 

he phonon thermal transport mechanism. Also, due to the minor 

ffect of the quantum effect on the out-of-plane phonon thermal 

ransport of the superlattice in this study, they are neglected in 

ubsequent calculations. In the next research, the HNEMD method 

ill be utilized to calculate thermal conductivity, augmented by 

he SHC method to provide frequency-dependent phonon informa- 

ion to obtain an in-depth analysis of out-of-plane phonon thermal 

ransport in the Gr/h-BN vdW superlattice. 
9 
.2. Coherent phonon thermal transport in Gr/h-BN vdW superlattices 

.2.1. Transition from incoherent to coherent regime 

To investigate the out-of-plane thermal transport properties of 

he Gr/h-BN vdW superlattices with varying period thicknesses or 

nterface densities at 300K, the total number of layers is set to 24 

nd the in-plane size is set to 5 nm × 5 nm , which are illustrated in

ig. 1 (e). The results obtained by the HNEMD method in Fig. 6 (a)

eveal that the out-of-plane thermal conductivity of the Gr/h-BN 

dW superlattices tends to decrease and then increase as the inter- 

ace density increases, which also implies the existence of a ther- 

al conductivity minimum [4] . A similar interfacial density depen- 

ence of out-of-plane thermal conductivity has been found in nu- 

erous other studies of phonon thermal transport in the vdW su- 

erlattices, including theoretically, experimentally and simulatedly, 

s shown in Fig. 7 . The mechanism underlying this dependence lies 

n the phonon coherence transport, as illustrated in the inset of 

ig. 7 : when the interface density is low, phonon transport is in- 

oherent and exhibits a particle-like state; as the interface density 

ncreases, phonons enter a coherent regime and exhibit a wave-like 

tate; for clarity, a short transition regime is defined between the 

wo states, with a thermal conductivity of minimum. By compari- 

on, the Gr/h-BN vdW superlattice in this work still has the least 

min of all these related vdW superlattices in Fig. 7 , which provides 

ome benefits for its relevant applications in the thermal field. 

In order to verify the coherence of phonon transport in the 

r/h-BN vdW superlattice, calculations of the thermal conductiv- 

ty of the random superlattice are given in the next. Herein, the 

r/h-BN random vdW superlattice [49] refers to a vdW structure 

ormed by alternating Gr and h-BN with random thicknesses for a 

iven Gr/h-BN hetero-interface density. It is considered that super- 

attices with the same total number of layers and the same num- 

er of Gr/h-BN hetero-interfaces have the same interfacial den- 

ity, which is adequately adapted to the structural characteristics 

f random superlattices. The difference between a random super- 

attice and a periodic superlattice (all superlattices in the text de- 

ote periodic superlattices) is whether all the components have 

he same thickness, and together they form an ideal pair of sys- 

ems for distinguishing between coherent and incoherent phonon 

hermal transport. Specifically, the single-period component of the 

uperlattice SL 5 is a monolayer of Gr or h-BN that is not contin- 

ously divisible in the out-of-plane direction. Furthermore, its not 

ifficult to understand that this leads it has the maximum interface 

ensity so that it has no more random superlattice variants in this 

ase. Then, for each of the four superlattices SL 1 ∼ SL 4 , five distinct 

andom superlattices were configured at their respective interface 

ensities, and their out-of-plane thermal conductivities were com- 

uted, the exact architectures of which are presented in Fig.S1. To 

egin, the thermal conductivity of the random and periodic su- 

erlattices are similar during the incoherent transport and transi- 

ion regimes, which are collectively referred to as the non-coherent 

ransport regime, but they show significant differences and exhibit 

pposite trends during the coherent transport regime. In the non- 

oherent transport regime, periodic and random superlattices with 

he same interfacial density should have approximately the same 

honon scattering rate, which is the fundamental reason why the 

hermal conductivity results for both are almost identical. How- 

ver, in the coherent transport regime, the coherent phonons in 

he random superlattice are subject to localization and thus their 

ontribution to the thermal conductivity is neglected. As a result, 

he contribution of incoherent phonons can be almost entirely rep- 

esented by the random superlattice thermal conductivity results 

n the coherent transport regime, whereas the contribution of co- 

erent phonons is represented by the difference between the pe- 

iodic superlattice and the random superlattice thermal conductiv- 

ty. As the interface density increases, the phonon scattering rate 
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Fig. 6. Some results of the out-of-plane phonon thermal transport evaluation of Gr/h-BN vdW superlattices SL 1 ∼SL 5 with five different interfacial densities at a total of 

24 layers at 300K, whose structures are illustrated in Fig. 1 (e). (a) The out-of-plane thermal conductivity calculated by the HNEMD method as a function of the interfacial 

density. The green triangular data denotes the calculated thermal conductivity of the random superlattice representing the incoherent phonon contribution. (b) The phonon 

MFP ( λ) of the superlattices as a function of the interfacial density. The inset shows the ratio of the superlattice phonon MFP to its period thickness as a function of its 

interface density, which intuitively reflects the relationship between the superlattice phonon MFP and its periodic thickness under different interface densities. (c) Spectral 

thermal conductivity κ(ω) and (d) spectral phonon MFP λ(ω) results based on the SHC method, reflecting the five superlattice frequency correlations mentioned above. The 

black dashed arrow in (c) is the indicator of the corresponding curve for the superlattice (from SL 1 to SL 5 ) as the density of the interface increases. (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version of this article.) 
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ill also increase, which leads to a monotonically decreasing trend 

n the incoherent phonon thermal conductivity represented by the 

andom superlattice. During this process, the contribution of co- 

erent phonons to the thermal conductivity boosts gradually from 

othing, especially entering the coherent transport regime. With 

he combined contribution of coherent and incoherent phonons to 

he thermal conductivity as stated above, it is the Gr/h-BN vdW su- 

erlattice out-of-plane thermal conductivity that shows a decreas- 

ng and then increasing trend with increasing interfacial density. 

Next, in order to gain further insight into the transformation 

f the out-of-plane phonon transport regimes in the Gr/h-BN vdW 

uperlattice from a phonon perspective and to clarify the mecha- 

ism, the frequency-dependent spectral thermal conductivity κ(ω) 

as calculated by the SHC method, and the results are shown in 

ig. 6 (c). The out-of-plane thermal conductivity of the five super- 

attices with varying interfacial densities almost exclusively from 

he contribution of long-wavelength phonons at low-frequencies 

elow 8 T Hz. In the process of phonon transport across the super- 

attice from the incoherent regime (SL 1 ) to the transition regime 

SL 2 ), κ(ω) shows a constant position and a dramatic drop in peak 

ue to the increase of the interface density without the participa- 

ion of coherent phonons. As the interface density increases fur- 
10 
her, the phonon transport enters the coherent regime (SL 3 , SL 4 , 

nd SL 5 ), and κ(ω) increases in peak with a significant transverse 

hift towards lower frequencies. This is due to the fact that as the 

nterface density increases further, the reduced period thickness al- 

ows more and more low-frequency long-wavelength phonons to 

e involved in the coherent transport process. 

Then, the phonon MFP-related information of the superlattice 

ill be used to acquire quantitative insight into the foregoing find- 

ngs as shown in Fig. 6 (b, d). Since the phonon transport mech- 

nism is determined by the relative comparison between its MFP 

nd the length it spans, the ratio of the phonon MFP to the cur- 

ent superlattice period thickness is in turn used as the depen- 

ent variable to plot the inset in Fig. 6 (b). In the coherent phonon

ransport regime, the ratio of phonon MFP to current superlattice 

eriod thickness increases monotonically with increasing interface 

ensity, implying that phonon transport will become increasingly 

oherent, resulting in monotonically rising thermal conductivity. 

owever, it is worth noting that, as shown in Fig. 6 (c), the effect of

honon scattering rate on the thermal conductivity due to changes 

n the interface density dominates in the incoherent phonon trans- 

ort regime, unlike in the coherent transport regime where the de- 

ree of phonon transport coherence dominates. This also explains 
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Fig. 7. The out-of-plane thermal conductivity of some typical vdW superlattices as a function of interfacial density at 300K. These include (Zr,W)N/ScN [14] and TiN/(Al,Sc)N 

[15] , which are metal/semiconductor superlattices, the chalcogenide superlattice (SrTiO 3 ) m /(CaTiO 3 ) n [16] , the Si-dominated superlattice Si/hSi (heavy silicon) [6] , and the 

nanowire superlattice Si/Ge [20] , as well as Gr/h-BN in this study. The inset depicts a schematic diagram of phonon thermal transport, which consists of three parts divided 

by interface density: the coherent regime, the incoherent regime, and the transition regime between the former two where there exists a thermal conductivity minimum. 

The vertical dashed lines in the transition regime correspond to the locations where the six superlattice thermal conductivity minimum occur. 
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he fact that the phonon MFP of SL 1 in the incoherent transport 

egime is similar to that of SL 2 but the thermal conductivity is 

ubstantially higher. In addition, from the decomposition of the 

honon MFP in the frequency domain in Fig. 6 (d), the improve- 

ent of the phonon MFP within the coherent transport regime is 

ainly concentrated in the low-frequency band of 0 ∼ 4 T Hz, which 

s also consistent with the results of κ(ω) . 

.2.2. Effect of temperature 

Temperature effects, which are intimately connected to thermal 

ssues, are a necessary and unavoidable factor in the analysis of 

hermal transport problems. It is not only useful for determining 

he required thermal properties in various hotspot application sce- 

arios, but also has considerable potential for deeper performance 

odulation. To this end, the following series of studies have been 

arried out to investigate temperature effects in the Gr/h-BN vdW 

uperlattice. 

To begin, the out-of-plane thermal conductivities of five Gr/h- 

N vdW superlattices SL 1 ∼SL 5 were calculated at four different 

emperatures of 100K, 200K, 300K, and 500K, and the results are 

lotted in Fig. 8 (a). At 20 0K, 30 0K, and 50 0K, the thermal conduc-

ivity all show a tantamount decreasing and then increasing trend 

ith increasing interface density, and all three regimes of phonon 

ransport are distinctly recognizable. At the temperature down to 

00K, however, the thermal conductivity tends to be curbed mono- 

onically with increasing interfacial density, and its value is nearly 

n order of magnitude higher than that at other temperatures. In 

rder to clarify the reason for this discrepancy, the phonon MFP 

ersus interface density at 100K and 300K is compared in Fig. 8 (c). 

ery significantly, the phonon MFP of the Gr/h-BN vdW superlat- 

ice at 100K is, on the whole, much higher than that at 300K. 
11 
pecifically, the former is about 10 to 20 times higher than the 

atter. With such a high phonon MFP, almost two orders of mag- 

itude thicker than the superlattice period thickness, the phonon 

ransport will be almost entirely in a wave-like coherent transport 

egime, so that changes in the interface density will have little ef- 

ect on the out-of-plane thermal conductivity contributed by the 

honon coherent transport. Therefore, the phonon scattering that 

ccurs at the hetero-interfaces will be the main factor affecting the 

hermal conductivity, which explains the monotonically decreasing 

rend of the thermal conductivity with increasing interface density. 

Following that, the Gr/h-BN vdW superlattices SL 2 , SL 4 , and SL 5 
ere chosen as representative structures and their respective out- 

f-plane thermal conductivities were calculated at temperatures 

anging from 300K to 500K with an interval of 50K to investigate 

he specific effects of temperature fluctuations on the out-of-plane 

hermal conductivity within the possible application hotspot tem- 

erature range. It can be clearly observed from Fig. 8 (b) that the 

hermal conductivity tends to impair approximately linearly with 

ncreasing temperature, due to the enhanced anharmonic phonon 

Umklapp) scattering at high temperatures. Further, the three su- 

erlattices SL 2 , SL 4 , and SL 5 are exposed to Umklapp scattering 

ates of around 4 . 60 × 10 −3 , 7 . 86 × 10 −3 , and 9 . 71 × 10 −3 , respec-

ively, in W m 

−1 K 

−2 , which are calculated by taking the absolute 

alue of the slope of the linear fit results obtained. Because the 

honon scattering from this superlattice occurs mostly at the Gr/h- 

N hetero-interfaces, the Umklapp scattering rate is steadily in- 

reased as the interface density increases. From the results of 

ig. 8 (d) for the out-of-plane thermal conductivity of superlattice 

L 5 at 300K, 400K, and 500K, it can be seen that an increase in 

emperature will weaken the peak of κ(ω) and thus reduce the 

hermal conductivity without changing its overall shape. This prop- 
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Fig. 8. (a) Relationship between out-of-plane thermal conductivity and interfacial density of Gr/h-BN vdW superlattices at four temperatures: 10 0K, 20 0K, 30 0K, and 50 0K. 

(b) Variation of out-of-plane thermal conductivity with temperature for Gr/h-BN vdW superlattices SL 2 , SL 4 , and SL 5 , where the dashed lines show the results of a linear fit to 

the corresponding data. (c) The phonon MFP versus interface density for the Gr/h-BN vdW superlattice SL 5 at 100K and 300K. (d) Spectral out-of-plane thermal conductivity 

κ(ω) , (e) in-plane and out-of-plane PDOS as a function of phonon frequency for Gr/h-BN vdW superlattices SL 5 at 300K, 400K, and 500K. The inset in (e) is an illustration 

of the amplification of the out-of-plane PDOS in the low-frequency peak region where the three curves differ significantly. Note that the colored background divisions in (a) 

and (c) correspond to the three regimes of phonon transport in the same sense as in Fig. 6 (a). 
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rty has a similar spectral thermal conductivity behavior to the 

esult of increased phonon scattering due to increased interfacial 

ensity in the non-coherent transport regime of Fig. 6 (c), which is 

nother indication of the homology between the two in terms of 

ecreased thermal conductivity due to increased phonon scatter- 

ng. Specifically, further analysis is carried out by means of phonon 

ensity of states (PDOS) results that capture the phonon activity of 

he material in different modes as follows: 

 DO S iα(ω) = 

∫ + ∞ 

−∞ 

〈 v iα(t) v iα(0) 〉 e −2 π iωt dt (α = x, y, z) (22) 

here 〈 v iα(t) v iα(0) 〉 refers to the velocity auto-correlation func- 

ion (VACF) for atom i in the α-direction at the related time 

, which is similar to the virial-velocity correlation function in 

q. (10) . In this study, the in-plane PDOS is represented by the 

verage of the results in the x and y directions, and the out-of- 

lane PDOS is represented by the results in the z direction. In 

ig. 8 (e), the results of the superlattice SL 5 are plotted at 300K, 

00K, and 500K for the in-plane PDOS in the low-frequency band, 

here it can be seen that the out-of-plane PDOS is dominant and 

he high temperature shows a significant weakening effect on the 

ow-frequency peak. 
12 
.2.3. Effect of interface coupling strength χ
In the Gr/h-BN vdW superlattice in this study, the key param- 

ter of interfacial coupling strength ( χ ), as defined in Eq. (15) , 

hich determines the strength of the interlayer vdW interaction in 

ts multilayer structure, will undoubtedly have a significant impact 

n its out-of-plane thermal conductivity. The out-of-plane thermal 

onductivities of Gr/h-BN vdW superlattices with different inter- 

acial densities at χ of 0.5, 1.0, and 2.0 were firstly calculated at 

00K and plotted in Fig. 9 (a). Laterally, with the change in interface 

ensity, the trends in thermal conductivity exhibited for different 

ases of χ are approximately the same, and the three regimes of 

honon transport are clearly delineated. In the longitudinal direc- 

ion, the increase in the χ has a significant enhancement effect on 

he out-of-plane thermal conductivity of the superlattice, which is 

chieved by raising the phonon coupling degree at the vdW inter- 

ace to improve the phonon thermal transport capacity. In order to 

uantify the enhancement of thermal conductivity brought about 

y χ , Gr/h-BN vdW superlattices SL 2 , SL 4 , and SL 5 are selected 

s representative structures, and their out-of-plane thermal con- 

uctivity is plotted with χ in Fig. 9 (b). After a linear fit, the out- 

f-plane thermal conductivity of the three superlattices SL 2 , SL 4 , 

nd SL 5 are about 4.58, 6.15 and 7.37 with χ , respectively, demon- 

trating that the higher the interfacial density, the greater the in- 

rease in thermal conductivity with rising χ . The higher interface 
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Fig. 9. (a) The out-of-plane thermal conductivity of the Gr/h-BN vdW superlattice as a function of the interfacial density at 300K for interfacial coupling strengths χ of 0.5, 

1.0, and 2.0, respectively. (b) Variation of out-of-plane thermal conductivity with χ for Gr/h-BN vdW superlattices SL 2 , SL 4 , and SL 5 , where the dashed lines show the results 

of a linear fit to the corresponding data. Relationships between (c) spectral out-of-plane thermal conductivity κ(ω) , (d) in-plane PDOS, and (e) out-of-plane PDOS with the 

phonon frequency for Gr/h-BN vdW superlattices SL 5 at different χ . The dashed arrows in (c) indicate the approximate trend of the location of the peaks. The insets in (d) 

and (e) show enlarged diagrams at the respective characteristic peaks. Notably, for transverse comparison purposes, the (d) and (e) have exactly the same value domain. 

d

w

t

p

t

c

s

i

i

e

h

s

F

i

f

χ
t

n

m

m

l

b

t

a

i  

s

t

t

f

s

e

a

P

4

e

s

y

p

t

t

t

m

c

ensity means that the density of the Gr/h-BN hetero-interfaces 

ith relatively high thermal resistance is higher, which means that 

he weakening effect on thermal conductivity caused by phonon- 

honon scattering at the interface is stronger, in the same way as 

he results exhibited by the random superlattice in Fig. 6 (a). In this 

ase, the increase in χ compensates for this weakening effect to 

ome extent in terms of improving the thermal transport capac- 

ty of the interfacial phonons. As a result, superlattices with higher 

nterfacial densities are subject to more significant compensatory 

ffects in the case of increased χ , which in turn manifests itself in 

igher thermal conductivity gains. 

Further, the spectral out-of-plane thermal conductivity of the 

uperlattice SL 5 was calculated for different χ , as shown in 

ig. 9 (c). As a whole, the difference between the phonon dynam- 

cs of κ(ω) at different χ while all concentrated in the low- 

requency region of less than 12 T Hz is significant. Specifically, as 

rises, the characteristic peak of κ(ω) gradually moves towards 

he higher frequency band up within 8 T Hz while exhibiting a sig- 

ificant broadening and a significant increase in the peak. This 

eans that the increase in χ not only improves the ability to ther- 

al transport phonons in the current frequency range, but also al- 

ows new low-frequency phonons in a wider frequency range to 

e involved in the transport process. In order to be able to cap- 

ure the phonon dynamics information more visually, the in-plane 

G

13 
nd out-of-plane PDOS results corresponding to the three cases 

n Fig. 9 (c) are also plotted in Figs. 9 (d-e), respectively. It can be

een that out-of-plane phonons are still absolutely dominant in 

he low-frequency region where they contribute almost entirely to 

he out-of-plane thermal conductivity, and as χ increases the low- 

requency peaks of out-of-plane PDOS exhibit a peak increase and 

hift towards higher frequencies. For in-plane PDOS, however, the 

ffect of χ is mainly at the high-frequency peak around 48 T Hz, 

nd to a much lesser extent than that suffered by out-of-plane 

DOS. 

. Conclusion 

In summary, the extensive MD simulations including non- 

quilibrium, homogeneous non-equilibrium and their respective 

pectral decomposition as well as a phonon level mechanistic anal- 

sis were executed to investigate and dissect the out-of-plane 

honon thermal transport behavior of the Gr/h-BN vdW superlat- 

ice. It is found that as the interface density increases, the superlat- 

ice exhibits a transition from the incoherent to coherent phonon 

ransport regimes along the out-of-plane direction, with a mini- 

um thermal conductivity at the junction of the two. In the non- 

oherent transport regime, the increase in scattering rate at the 

r/h-BN hetero-interfaces caused by the increased interfacial den- 
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ity is the underlying cause of the decrease in out-of-plane ther- 

al conductivity, which reflects the particle-like phonon transport 

roperties. However, as the interface density increases further, the 

ncrease in the phonon MFP allows the phonon transport of the 

uperlattice to take on a wave-like nature and enter the coherent 

ransport regime with an incessant increase in thermal conduc- 

ivity. This process can be attributed to a game between hetero- 

nterfaces phonon scattering and coherent transport effects, which 

ave opposite effects on the out-of-plane thermal conductivity of 

he superlattice. In addition, the above-mentioned properties of 

honon thermal transport of the Gr/h-BN vdW superlattice were 

lso discussed as influenced by temperature and interfacial cou- 

ling strength. These findings provide a new understanding of the 

honon thermal transport mechanism in Gr/h-BN vdW superlat- 

ices, which is expected to further advance the development of su- 

erlattice nanodevices for optimal thermal management and ther- 

al design. 
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